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Abstract

This paper studies discrete time finite horizon life-cycle models with arbitrary discount
functions and iso-elastic per period power utility featuring resistance to inter-temporal
substitution of §. We distinguish between the savings behavior of a sophisticated versus a
naive agent. Although both agent types have identical preferences, they solve different util-
ity maximization problems whenever the model is dynamically inconsistent. Pollak (1968)
shows that the savings behavior of both agent types is nevertheless identical for logarithmic
utility (0 = 1). We generalize this result by showing that the sophisticated agent saves in
every period a greater fraction of her wealth than the naive agent if and only if 8 > 1. While
this result goes through for model extensions that preserve linearity of the consumption
policy function, it breaks down for non-linear model extensions.
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1 Introduction

How time preferences and beliefs about the future affect consumption savings decisions is a
classical economic question. The workhorse model of inter-temporal allocation is the life-cycle
model of Modigliani and Brumberg (1954) and Ando and Modigliani (1963). Standard deter-
ministic models assume an additively separable per period utility function, where future utility
is discounted exponentially (Samuelson 1937). Models with survival beliefs express those as
additive probability measures. Standard discounting as the combination of exponential time-
discounting with additive survival beliefs result in dynamically consistent life-cycle models in
which the future selves of the economic agent have no incentives to deviate from her ex ante opti-
mal consumption and savings plan. This paper instead analyzes life-cycle models with arbitrary
effective discount factors which are, in general, dynamically inconsistent.

We follow the literature since Strotz (1955) and Pollak (1968) and compare a naive agent—
who is not aware that her future selves might have deviating preferences—with a sophisticated
agent—who correctly anticipates the consumption choices of her future selves. As our main
research question we investigate how the underlying effective discounting process impacts on the
question whether the naive or the sophisticated agent saves a greater fraction of her wealth in
any given time-period. From an economic policy perspective this question is relevant because
governments worldwide look for ways to induce more prudent savings behavior. If it was the
case that a sophisticated agent will always save more than a naive agent under an empirically
relevant discounting scenario, awareness campaigns about people’s dynamic inconsistencies may
usefully complement financial incentives schemes.

Intuitively, one may expect that the nature of the effective discounting processes has some
impact on the question whether a sophisticated agent saves more than her naive counterpart or
vice versa. This intuition is typically based on preferences with quasi-hyperbolic time-discounting
(QHD) for which discount factors take on the simple form 1,34, 36, ..., where § > 0 stands
for the (standard) exponential long-term time-discount factor and § > 0 denotes a short-term
time-discount factor. The agent exhibits a presence bias if 5 < 1 whereas she exhibits a future
bias if 5 > 1. A naive agent will save ‘too little’ in hindsight if she has a presence bias whereas
she saves ‘too much’ if she has a future bias. Allowing this agent to understand her bias, i.e.,

turning her into a sophisticated agent, might therefore suggest that a sophisticated agent with



presence (resp. future) bias will save more (resp. less) than her naive counterpart. This intuition
is, however, flawed as it implicitly assumes that today’s sophisticated agent reacts against the
savings behavior of naive future selves. But the decision situation of today’s sophisticated agent
is strategically more complex because she reacts against her sophisticated future selves.

We address our research question within a class of life-cycle models with a per period iso-
elastic power utility function for which the consumption policy functions will be linear in wealth
for our baseline cake-eating model. We denote the concavity parameter of the per period utility
function by 0 so that 1/6 measures the inter-temporal elasticity of substitution (/ES). For this
preference class we find that irrespective of the effective discount process, the sophisticated agent
saves more than her naive counterpart in any given time period if and only if the I ES' is smaller
than one. We regard this finding as surprising because the effective discount process is the sole
reason for why the model might be dynamically inconsistent to begin with.

Our result thereby extends Pollak (1968)’s finding for the class of preferences with iso-elastic
power per period utility that for an IES of unity the naive and the sophisticated agent save
exactly the same fraction of their wealth in every period irrespective of their effective discount
function. We thus show that the /ES not only measures the strength of the inter-temporal
substitution to variations of discount factors but also the sign of the direction of substitution to
departures from standard discounting across the two types of agents.

We start with a cake-eating baseline model with finite horizon T < oo. In this model,
households have age-dependent effective discount factors py, ,, with p,,, > 0 and p,, = 1, where h
is the current age of the household and t is the age with the respective future period consumption
delivery. We are agnostic about the nature of the discount process. In deterministic models it
reflects pure time-discounting and in models with survival uncertainty a combination of pure
time-discounting and survival beliefs.! Because the discount factors of the h-old agent, h =
0,...,7 — 1, can be any strictly positive real-numbers, our life cycle model is very general and
it encompasses relevant extensions of the standard model such as hyperbolic as well as quasi-
hyperbolic time-discounting models which are characterized by p,, , = B for t > h with 8 > 0

denoting a short-term and 6 > 0 denoting a long-term time discount factor (cf. Phelps and

!Compare, e.g., Halevy (2008), Epper, Fehr-Duda, and Bruhin (2011), Saito (2011), Chakraborty, Halevy,
and Saito (2020) who discuss the relationship between pure time-preferences and preferences under uncertainty

or/and risk.



Pollak 1968; Laibson 1997; 1998; O’Donoghue and Rabin 1999; Harris and Laibson 2001) and
Choquet expected utility or/and Prospect theory life-cycle models with non-additive subjective
survival beliefs (cf. Bleichrodt and Eeckhoudt 2006; Ludwig and Zimper 2013; Drouhin 2015;
Groneck, Ludwig, and Zimper 2016; Grevenbrock, Groneck, Ludwig, and Zimper 2021 and
references therein). To make this latter point explicit, one can show that the discount factors of
an h-old Choquet expected utility decision maker are pj,, = 0 ¢Vn ¢, where 0y stands for pure
time-discounting between present age h and future age ¢ and v, stands for the decision maker’s
non-additive belief to survive from age h to age t.?

We solve this baseline model for the savings behavior of the sophisticated agent and her
naive counterpart, respectively. For interpretational reasons, we describe each agent type’s
utility maximization problem in terms of a best response function against the anticipated con-
sumption choices of her future selves. Although both agent types share at every age the same
preferences—and thereby the same best response function—, they solve different utility maxi-
mization problems whenever the model is dynamically inconsistent due to their different antici-
pations about future consumption choices. The naive agent chooses her per-period consumption
under the anticipation that her future selves will stick to the consumption choices that would be
optimal from her ex ante perspective. In contrast, the sophisticated agent correctly anticipates
the consumption choices of her future selves and thus chooses her per-period consumption in
accordance with a subgame-perfect Nash equilibrium.

Turning now to our main result, denote by mi, for i € {n,s} the marginal propensity to
consume (=MPC) out of total wealth w;, at age h of the naive and the sophisticated agent,
respectively. We derive Theorem 1, which states that for all (arbitrary) specifications of the
effective discount factors , (i) # < 1 implies mj < mj and (ii) § > 1 implies m} > mj. If
the model is dynamically inconsistent, the respective MPC inequalities are strict for all but
the last two periods of life. This result is directly derived from a comparison of the respective
MPCs, thus it holds globally and hinges on the linearity of the consumption policy function. In
a quantitative illustration we further show that the differences in MPCs across the two types of
agents can be large for plausible values of 6.

We extend our main finding to models with uninsurable return risk, a portfolio choice and

homothetic Epstein-Zin-Weil (EZW) preferences (Epstein and Zin 1989; Epstein and Zin 1991;

2A formal proof can be found in the earlier version of this paper (Groneck, Ludwig, and Zimper 2021).



Weil 1989) nesting standard CRRA preferences as a special case, again for the multi-period
model where 7" > 2. Our main result therefore holds in a broad class of economic models as long
as the linearity of consumption policy functions in wealth is preserved. With the extension to
Epstein-Zin-Weil preferences we also formally establish that it is the deviation of the I E'S from
unity which governs the direction of the relative consumption-savings response of the two agent
types to deviations from standard discounting and not risk aversion.?

In contrast, our main result does not extend to models with standard additive risky labor
income and borrowing constraints. These model extensions have in common that they violate
linearity of the consumption policy function. We provide a tentative game-theoretic interpre-
tation for this finding. Linearity of the policy function in the baseline model means that ex
ante MPC choices have no impact on future MPC choices because these future choices are in-
dependent of handed-down wealth levels. For logarithmic utility the identical savings behavior
of the sophisticated agent and her naive counterpart is supported by a (subgame-perfect) Nash
equilibrium in spite of the fact that the naive agent bases her choices on incorrect anticipations,
which, for purely technical reasons, result in the same best responses as the correct anticipations
of the sophisticated agent. In model extensions with non-linear consumption policy functions,
however, the strategic situation becomes more complex because handed-down wealth levels mat-
ter for future MPC choices. Whereas the sophisticated agent’s utility maximization problem
captures this new strategic complexity, the naive agent remains unaware of the strategic dimen-
sion of her decision problem. Due to this added strategic complexity, it does not come as a
surprise that Pollak’s (1968) observational equivalence result breaks down for model extensions

with non-linear consumption policy functions.

Related literature. There exists a large behavioral and decision-theoretic literature which
argues that human decision making is typically prone to violations of dynamic consistency. Dy-
namic inconsistencies arise, for example, within the following three modeling classes: (i) deter-

ministic models with a presence bias induced by hyperbolic or quasi-hyperbolic time-discounting

3In this extension, the curvature parameter 6 takes (at least) a triple role as a measure of resistance to inter-
temporal substitution, a parameter partially controlling precautionary savings behavior (Kimball and Weil 2009;
Krueger, Ludwig, Villalvazo 2021), and a parameter controlling the sign of the naive and sophisticated agents’

savings response to deviations from standard discounting.



(Laibson 1997; 1998; O’Donoghue and Rabin 1999); (ii) non-deterministic models with expected
utility maximizing agents who violate Bayes’ rule?; (iii) non-deterministic models with Choquet
expected utility decision makers (Schmeidler 1989; Gilboa 1987) or/and Prospect theory decision
makers (Tversky and Kahneman 1992; Wakker and Tversky 1993; Wakker 2010) who form con-
ditional non-additive beliefs that may or may not be updated in accordance with some Bayesian
update rule (Gilboa and Schmeidler 1993; Eichberger, Grant, and Kelsey 2007; 2012). Within
the context of life-cycle models with time-discounting and survival uncertainty, our model with
arbitrary effective discount factors contains these modeling classes as special cases.

How the strategic game of a sophisticated QHD agent against her future selves affects in a
subgame-perfect Nash equilibrium the growth rate of marginal utility is reflected in the “general-
ized Euler equation” (Harris and Laibson 2001). The main difference between QHD preferences
considered in Harris and Laibson (2001) and our model with arbitrary discount factors is that
from the perspective of any model period h, the continuation problem at ages h+2,h+3, ... for
current self h and future self h+ 1 for almost all specifications of the discounting process does not
coincide with standard discounting (as long as period h < T'— 2). This implies that the “gener-
alized Euler equation” must feature for non-QHD preferences an “adjustment factor” (Groneck,
Ludwig and Zimper 2016), which, as a side result of our paper, we characterize analytically.

For the special case of the three-period model, our main result (Theorem 1) is already implied
by the comparative statics analysis in Salanié and Treich (2006) (henceforth ST).> The three-
period model allows for a very simple characterization of dynamic inconsistency through a single
real-valued parameter. We show in Appendix B.1 that therefore the three period model can be
analyzed by a first-order approach with respect to this parameter’s deviation from the dynamic
consistency benchmark case. The closely related comparative statics analysis in ST uses a single-
crossing condition to look at one parameter deviations from the dynamic consistency benchmark

case (cf. Appendix B.2). The problem with such first-order analysis—and with the, more general,

4The economic literature which considers violations of Bayesian updating includes Rabin and Schrag (1999);
Rabin (2002); Epstein (2006); Epstein, Noor, and Sandroni (2008); Mullainathan, Schwartzstein, and Shleifer
(2008); Gennaioli and Shleifer (2010); Ortoleva (2012). Bayesian updating of additive probability measures is,
through the law of iterated expectations, equivalent to dynamic consistency of expected utility preferences (cf.,

e.g., Epstein and Le Breton 1993; Epstein and Schneider 2003; Ghirardato 2002; Siniscalchi 2011).
5We thank an anonymous referee for pointing this out. For the reader’s convenience, we discuss in some detail

the comparative statics analysis of Salanié and Treich (2006) in Appendix B.



comparative statics analysis—is that it becomes intractable for models with 7" > 2 because the
number of parameters that are needed for capturing all possibilities of dynamic inconsistency
blows up. In contrast, our recursive analysis avoids this limitation as we solve the problem for
arbitrary 7' < oo from the start.

The extension of our main result to EZW preferences with uninsurable return risk is relevant
for macroeconomic models such as the analytically tractable model with uninsurable investment
risk developed by Angeletos (2007). Our findings also extend to a model with (additional)
uninsurable human capital risk as developed in Krebs (2003). We further argue that with an ac-
cording calibration of the rate of return process, this model gives rise to self-imposed borrowing
constraint if there exists a strictly positive probability of loosing the wealth endowment from
a risky investment. This extension may thus deliver a relevant quantitative environment with
robust policy functions (Laibson and Maxted 2023)° to investigate the utility costs of dynamic
inconsistency stemming from different specifications of discount functions in a model with unin-
surable human capital income and return risk. We leave an investigation of this aspect for future
research.

Maxted (2023) considers a continuous time, infinite time horizon model as introduced by
Harris and Laibson (2013). Under the assumption of QHD preferences with a presence bias, this
author describes (subgame-perfect) sophisticated decision making through a stationary Markov-
equilibrium.” In contrast to our finite horizon model, for which we can establish through back-
ward induction the existence of a unique subgame-perfect Nash equilibrium for arbitrary patterns
of age-dependent discount factors, stationary Markov-equilibria require the stationarity of pref-
erences in the specific sense that all future selves are simply replicas of an ex ante agent (as is
the case for QHD preferences). But even restricted to QHD preferences with a presence bias,
the infinite time horizon economy of Maxted (2023) is very different from our finite time-horizon
economy. Namely, the sophisticated agent of Maxted (2023) saves in every period the same

fraction of the naive agent’s savings, which holds in our model only under dynamic consistency

6Laibson and Maxted (2023) show that in a standard buffer stock savings model consumption policy functions
are “robust”—in a sense that they do not feature erratic non-monotonicities also labelled as “consumption

pathologies”—if the time step with which a standard model is calibrated is less than about two weeks.
"When discount factor values become greater one, the contraction mapping theorem is no longer applicable

to the effect that stationary Markov-equilibria with positive per-period consumption do not ncesseraily exist for

QHD agents with a future bias.



or logarithmic utility (i.e., non-generic model specifications for which both agent types exhibit
the same savings behavior). Given the substantial difference between the stationary Markov-
equilibria in Maxted (2023) and the subgame-perfect Nash equilibria for our finite horizon model,
it is remarkable that Maxted (2023) also obtains that his sophisticated agent saves at every point
in time more than her naive counterpart if and only if > 1.

Finally, our extension to standard income risk in the three-period model relates to Salanié
and Treich (2006) who claim that Pollak (1968)’s observational equivalence result for the three-
period model carries over to situations with income risk in the final period. We show that this
claim is incorrect since this model extension implies a non-linear consumption policy function

to the effect that the 0-old agent can strategically influence the choices of her 1-old future self.

The remainder of our analysis proceeds as follows. Section 2 solves the life-cycle model for
the sophisticated and naive agent, respectively. To illustrate our main insights, we provide in
Section 3 an in-depth analysis of the three-period model. Section 4 comprehensively answers our
research question for the general T-period model and Section 5 discusses model extensions to
environments with risk. Section 6 concludes. Mathematical proofs are relegated to Appendix A.
Appendix B presents alternative proof ideas for our main result—based on first-order analy-
sis and the comparative statics analysis in Salanié and Treich (2006), respectively—which are
only tractable for the three-period model. Finally, Appendix C provides information on the

calibration of our quantitative models.

2 The Life-Cycle Model

2.1 Baseline Model

We start out with an additively time-separable life-cycle model with final period 7" < oo. For
each age h > 0, the h-old agent’s utility over the consumption stream (cy...,cr) € Rzah“ is

given as
T
Uh (Ch7 i} CT) = th,tu (Ct> (1)
t=h

such that the age-dependent effective discount factors must only satisfy p,, > 0 and p,, = 1.

In our cake-eating baseline model the agent can spend over her life-cycle an initial amount of



total wealth wy > 0 so that the budget constraint becomes®

Wi =wy —c >0 forte{0,1,...,7—1}. (2)

We restrict attention to period-utility functions belonging to the family of iso-elastic power

utility functions, that is, u (¢) must be differentiable on R-( such that

and v’ (c) = ¢ for concavity parameter 0 < § < co. For the special case of the three-period

model, we will also investigate the limit cases # — 0 (linear utility) and § — oo, respectively.

2.2 Sophisticated versus Naive Utility Maximization Problems

The existing literature on life-cycle models typically characterizes dynamically inconsistent dis-
count factors first before it introduces sophisticated versus naive decision making as two different
benchmark ways of how to deal with dynamic inconsistency. This approach is in particular the
case for (i) quasi-hyperbolic time-discounting models, where dynamic inconsistency is character-
ized by the inequality § # 1 for the short-term discount factor, as well as for (ii) three-period
models, where dynamic inconsistency is characterized by the inequality Po/,)f—/i,z # 1. Such simple
characterizations of dynamic inconsistency are no longer available for our life-cycle model with
arbitrary T" < oo and arbitrary age-dependent discount factors. For our general model it is con-
ceptually more rigorous to define at first sophisticated versus naive decision making. In a next

step we use these definitions to offer a plausible definition of age-dependent dynamic consistency

versus inconsistency.

2.2.1 Consumption Choices defined through a Best Response Function

For fixed period consumption ¢; and wealth w; let

Ct = MWy (3)

8In Section 5 we will consider several extensions of the baseline budget condition (2). Whereas our main
findings will readily go through for budget extensions that preserve linearity of the consumption policy function
(e.g., deterministic interest rates or random returns with portfolio choice), the situation will be more complex

for budget extensions with income risk and borrowing constraints.



where m; denotes the agent’s marginal propensity to consume (MPC). Using the notational
convention (3) for the periods t,...,7 we can equivalently rewrite the utility (1) of the h-old

agent from the consumption stream (cp, ..., cr) as follows

T -1
Un (mp, ..., mp, wp,) = u(wpmy) + Z Ph.iU (whmt H (1-— mj)> .

t=h+1 j=h

For the (homothetic) power-period utility function this utility representation is, by a monotone

transformation, equivalent to

Un (ma, ..., mp) = O (o, 'ﬁgnT’wh) =u(mp) + Y ppau (mtﬁ(l - mﬂ) G

Wh t—h+1 i=h

That is, the size of the wealth level wy, in period h does not matter for the utility maximization
problem, which can exclusively be expressed in terms of MPCs. This observation corresponds
to the well-known fact that the optimal period consumption is linear in total wealth for ho-
mothetic period utility functions.® The game-theoretic analysis of the extensive form game that
corresponds to our baseline model is therefore particularly simple: because current optimal MPC
choices are independent of past consumption choices, we can describe the utility maximization
problem of the h-old agent through a best response function against anticipated future MPC
choices only.!?

Denote by m;" : [0,1]"™" — [0,1] the h-old agent’s best response function that maximizes

the utility function (4) against anticipated future MPCs
(M1, ...ymr) € [0,1]77"

Proposition 1. The MPC that is the best response of the h-old agent against the anticipated

future choices mpy1,...,mr is given as the following value of her best response function:

" 1
mh’h’ (Mmps1,...,mp) = (5)

. - 1-0\ 7
1+ (Zth-{-l Pht (mt Hj:h—H (1- mj)) )

9Linearity of consumption policy functions in models with a deterministic labor income stream and no bor-

rowing constraints is a well-established result in the consumption literature, cf., e.g., Deaton (1992).
10Gych ‘path-independence’ of best responses breaks down for model extensions with non-linear consumption

policy functions (cf. Appendix A3 in Groneck, Ludwig and Zimper (2016) as well as Section 5.2 in this paper).
In such model extensions an additional strategic dimension arises because an ex ante agent has now to consider

the impact of her choices on the choices of her future selves.



In what follows we distinguish between an agent who is either sophisticated or naive through-
out her whole life-cycle. The actual choice of an h-old agent of either type—i.e., their realized
MPCs mj and m;, respectively—will be pinned down as their respective values of the best re-
sponse function (5). Because both agents have identical preferences, they share the same best
response function mfl’h (-). The difference between the two agent types is of cognitive or/and
psychological nature: whereas the sophisticated agent uses correctly anticipated future choices
as arguments in (5), her naive counterpart uses anticipated future choices that are optimal from

her current perspective.

2.2.2 The Sophisticated Agent

Definition 1. The “sophisticated agent” uses at every age h the actually realized MPCs of her

future selves (m‘;H, - mST) as argument in the best response function (5); that is,

s *h s s
my, =my (mh+1,...,mT) : (6)
We solve for the realized MPCs of the sophisticated agent through backward induction so
that the life-cycle consumption choices of the sophisticated agent correspond to the subgame-
perfect Nash equilibrium (SPNE) path of the underlying extensive form game. By Proposition
1, we obtain the following recursive characterization of the realized MPCs of the sophisticated

agent.

Proposition 2. The realized MPCs of the sophisticated agent are given as follows:

1 for h=T

my = (7)
— 1 forh<T -1
1+<Ph,h+1<}}i+1>

|

where C? scales the marginal valuation of wealth of self h in period t and is recursively

defined as
1 fort="1T

mi'’ + phthl (1—m3)'* (g fort<T—1

Interpretation in terms of Generalized Euler equations. To interpret the marginal

propensities to consume against the literature on hyperbolic discounting, it is instructive to

10



derive a variant of the generalized Euler equation (Harris and Laibson 2001) with an adjustment
factor (Groneck, Ludwig and Zimper 2016), which as shown in Appendix A follows from the

expressions for MPCs in Proposition 2 as

h

s s Ph,h+2 Chaa s s

uc(c,) = pppsr | M1 + hil (1 — mh+1> uc(Chyt) (8)
Phht1Pht 1,042 Cpyo

Equation (8) is the deterministic model analogue to the “generalized Euler equation with ad-
justment factor” we derived in a model with idiosyncratic productivity risk in Groneck, Ludwig
and Zimper (2016). It reflects two effects on the consumption growth rate from dynamically

inconsistent preferences. The first is through term

Ph,h+2 # 1 (in general),

Phh+1Ph+1,h+2

which in the familiar quasi-hyperbolic time discounting model is equal to where [ is the

1
/8 )
short-run discount factor. The second is through the ratio
h
Chio

h+1
¢ h+2

# 1 (in general),

which captures the difference in the marginal valuation of wealth in period h+2 from the perspec-

tive of the sophisticated agent h and her next period counterpart A+ 1. In the quasi-hyperbolic
h

time discounting model gf—ﬁ = 1, because continuation value functions from period h+2 onwards
h+2

are the same for sophisticated agents h and h + 1 in that model.
2.2.3 The Naive Agent
Denote by (mZ,mel, o m§h> the maximizer of the utility function (4). Obviously, for fixed

‘planned” MPCs (mel, o mg’h> the MPC mj then maximizes (1) over all admissible MPCs at

age h.

Definition 2. The “naive agent” uses at every age h the most preferred future (i.e., planned)

MPC’s (mep e mgh> as argument in the best response function (5); that is,
#h h h
my =m, <mZ+1,...,m§ ) . (9)

The h-old sophisticated agent and her naive counterpart can only arrive at different so-

lutions to their respective utility maximization problems if the most preferred (i.e., planned)

11



MPCs (mel, ...,m%h> do not coincide with the actually chosen MPCs (mj_4,...,m§) of the

sophisticated agent.!!
Proposition 3. The realized MPCs of the naive agent are given as follows:

(i) Recursive characterization:

1 for h=T

1 —— forh<T -1
1+ (ZtT:h-H Ph.t (m?’h H;;}wl (17m;i’h)) ) ’

with planned MPC's

1 fort =T
mn,h
L l - L + fort<T -1

0 0

1+pt’fl'~'h1 1+Z£:t+1 (%
il ’

(ii) Closed form:
1
my = for h <T — 1.

D=

T
L+ 3 (Prs)
2.2.4 Dynamic Consistency versus Inconsistency

We speak of dynamic inconsistency at age h whenever the h-old sophisticated agent and her
naive counterpart anticipate different future choices. Formally, this is the case if and only if
there exists any discrepancy between their respective arguments in their shared best response

function m;™ (-), i.e., if and only if

h
(M sy, ymiy) # <mZ+1,...,mT ) .

1The converse statement will only be true for # # 1 but not for # = 1 (cf. our Lemma 1). As a matter of fact,
Pollak’s (1968) famous behavioral equivalence result establishes for logarithmic utiltiy that the best response

function m;;’h (+) gives identical values

*,h s s\ _ .. %h n,h n,h
my" (M gy, - miy) = my, YSHOP 1

. . n,h n,h
in spite of (miﬂ, ...,m%) #* (mhﬂ, coy MU )

12



Definition 3.
(i) The model is “dynamically consistent at age h” if

m$ =m"" for all t > h + 1.

(ii) Conversely, the model is “dynamically inconsistent at age h” if

mi # mp" for some t > h + 1.

The model is always dynamically consistent at ages h € {T'—1,T}. Because of m§ =

m?T_Q = 1, the model is dynamically consistent at age h = T — 2 if and only if
s _ n,T—2
mr_y = Mp,
=
_ Pr—ar
Pr—ir — ———— -
Pr—217-1

More generally, it is straightforward to show that the model is dynamically consistent at any
given age h > 0 if the discount factors satisfy
Phist _ i forallt € {h+1,T —1}. (10)
Phit
For the QHD model condition (10) reduces to the familiar expression in terms of the short-term

discount factor
B5t+1 —h

561‘711,

Whereas dynamic consistency in QHD and three-periods models is unambiguously charac-

—B5 e =1

terized by (10), the situation is more complex for our more general set-up with arbitrary time
periods and discount factors. First, condition (10) might no longer be necessary for dynamic
consistency at age h. Second, alternative concepts of dynamic consistency become perceivable.!?

At this point it is important to emphasize that our subsequent mathematical results about

the savings behavior of naive versus sophisticated agents do not depend on any specific (formal

12Tn the earlier version of this paper (Groneck, Ludwig, and Zimper 2021) we had defined dynamic consistency
as the coincidence between the realized and the anticipated consumption choices of the naive agent, without any
reference to the anticipated consumption choices of the sophisticated agent. This alternative definition is, for

more than three periods and non-QHD preferences, mathematically not equivalent to our present Definition 3.

13



or informal) definition of dynamic consistency versus inconsistency. These mathematical findings
will be exclusively driven by our formal Definitions 1 and 2 of both agent types. We propose
Definition 3 of dynamic consistency versus inconsistency merely for interpretational reasons and

for better comparison with the existing literature.

3 The Simple Case of the Three-period Model

Our main result establishes for arbitrary 7" < oo that the effective discounting process is com-
pletely irrelevant for the question whether the naive or the sophisticated agent saves more in
the presence of dynamic inconsistency. To make this remarkable result more easily accessible to
readers, we here develop it in a three-period model (7' = 2). In the three-period model dynamic
inconsistency comes with a very simple structure. Because of

my = my =1,
my = mj= —1 T
L+ (/01,2) ’
it is sufficient to compare the respective MPCs for the initial period m{ and m{ whereby dynamic
inconsistency is equivalently given by either of the following inequalities
m Al e miAm e 2o, (11)
Po,1
Our analysis of the three-period model is organized in four parts. The first part illustrates—
applied to the simple three-period model—the recursive structure of the proof for the general
T-period model analyzed in Section 4. The main insight of this formal argument is that the proof
of our main result (Theorem 1) boils down to an application of Jensen’s inequality. The second
part illustrates how a shift from the dynamic benchmark case to dynamic inconsistency simulta-
neously changes the savings behavior of both agent types (thereby allowing for an inter-type and
not just intra-type interpretation of this shift). The third part comprehensively discusses limit
results for 8 — 0 and # — oco. The main insight of this limit analysis is that the savings behavior
of both agent types does not only converge if # — 1 but also (i) if # — oo and (ii) (under some
additional restrictions on discount factors) if # — 0. The fourth part illustrates our general

findings through concrete examples in which the agents have quasi-hyperbolic time-discounting

preferences whereby we look at different specifications of presence versus future biases.
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3.1 Recursive Structure and Jensen’s Inequality

The following formal argument—in terms of Jensen’s inequality—carries over to the more com-
plex proof by backward induction of our main result (Theorem 1). From our recursive charac-

terization (7), we obtain for the three-period model

s 1
1+ (P0,1C(1)) ’
with
= ms ™+ B2 () (12)
Po,1
as well as
" 1
my = I ) (13)
Po,1 n,0~
with
n,0 1
m17 —

.
Po2 ) ®
1 + (Po,1>

The sophisticated agent saves more than her naive counterpart in period 0 if and only if

mg < mg
=
1 1
< N3
1+<ZZ_Z(1)> mi 1+ (po,1¢Y)
=
1 Po,1 n,0~1
(P0,1C(1))0 < <_) 1
Po,0
=
mp’¢ <1 (14)

Rearranging (13) yields

15



which, substituted in (12), gives

my
S
n,0¢ -0 n,00  g1—6 n,0° 1—771?’0 s\1—6
myT o= myomy o +my o0 (1 —m7)
my
=4
mn,O 0 1 mn,O 0
n,0? s B s
my () = (mlf) m1+(1_—n%> (1 —mj). (15)
Combining (14) with (15) yields
my < m (16)
=
TL,O 1_mn,0
1 s 1 s
1— < 1
() i+ (T5r) a-m <
=
n,0 1— mn,O mn,O 1 — mn70 0
1 1 1 1
S 1 9 < s —— ) (1 —mS (17
() i (=) ammd < () mie () 0= 0

Recall from (11) that our definition of dynamic inconsistency for the three-period model is
equivalent to the inequality m?’o # mj. From Jensen’s inequality we can therefore conclude
that m{ < (>)m} if and only if § < (>)1 whenever the three-period model is dynamically
inconsistent.

To summarize, the discount process, which determines the values of m}°,m$ € (0,1), is
completely irrelevant for the direction of the above inequality. The only thing that matters is
whether the function (-)? in (17) is either concave or convex, which is exclusively determined by

the value of # being smaller or greater than one.

3.2 Graphical Illustration and Interpretation

An interpretation of Pollak (1968)’s finding we often encountered in the literature is that of an
interplay of the sophisticated agent’s consumption and saving motives. On the one hand, in
reaction to some dynamic inconsistency, e.g., a presence bias, the sophisticated consumer shifts
resources more strongly to the current period in order to consume more in period 0. This is

a standard inter-temporal substitution effect. On the other hand, the anticipated increasing
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consumption of her own future self reduces the purchasing power of overall resources in the
future. This is similar to a standard income effect inducing the sophisticated agent to reduce her
consumption in the current period to provide more resources to the future. This interpretation
of Pollak’s’ finding, however, is incomplete because it only refers to the intra-personal decision
of the sophisticated agent type but not to the inter-personal comparison between the decisions
of the naive and sophisticated type. As it is, not only the sophisticated but also the naive agent
reacts when the discount factors are shifted away from the dynamic consistency benchmark case.

To underscore this point, we here provide an alternative proof and a graphical interpretation
of our finding which employs the Euler equations from both agents’ maximization problems.

From (8) the sophisticated agent’s Euler equation is

(607" = poa (om0 ) P2 ) o (= ) = RHS(c). (18)
Po1P12
where
S n 1
mp =mj =m} = . (19)
L+ pis
For the naive household the standard Euler equation is
Uc(ch) = Po,1tie (C(l)’n) : (20)
Next, recall our solution of the MPC in period 1 for the naive agent:
n,0 1
my = — T
Po,2
L+ (32)
1
Using py, = 17_”—’:“ from (19) yields after some rearrangement for the above planned MPC
1
mi? = Ty (21)
_ _Poa )
my (1 ml) <P01(3§12)

Using (21) in Euler equation (20) yields

1

(@) = po. (m1+<1—ml> (”—)) (ma(wo — &))" = RES™()  (22)

Po1P12
From (18) and (22) we immediately observe that for § = 1 the Euler equations coincide because

the RHS*(-) and RHS"(-) are the same strictly increasing function in ¢

RHS(co) = pos <m1 +(1—my) (&)) (my (wo — co)) ™

17



with ¢§ = ¢ being the unique fixed point of RH.S™!(¢p). In contrast, for § # 1 we obtain instead

1\ 0
9
(m1 + (1 —my) (p:lojm) )

m + (1 o ml) Popﬁ'iz

that

¢ < ¢ & > 1.

Our main result then again follows from a straightforward application of Jensen’s inequality. We
thus conclude that 6 is an important parameter determining the relative shifts of the RHS in
the first-order conditions of the two agent types and thus their relative consumption behavior
in light of dynamic inconsistency.

The Euler equations in (18) and (22) give the proportional shift terms relative to a model
that satisfies standard discounting as

Po2
Po1P12

1\ 0
S no_ Po2 ¢
i=n: MM=m+01-m)|——
Po1P12

which in a model with a presence bias, where p(ﬁ% > 1 are both larger than one and in a model

i=s: ¥=my+ (1 —my)

with a future bias, where Pop1 ";12 < 1 are both smaller than one. Again by Jensen’s inequality, we
have, irrespective of the direction of the bias, I'* > I'™ for # > 1, whereas I'* < I'™ for § < 1.
This means that the substitution effect is relatively weaker for the sophisticated agent for 8 > 1,
and relatively stronger for 6 < 1. Figure 1 displays the LHS (black line), the RHS (blue line) of
standard discounting, and the RHSs (red and green lines) of the Euler equations for the naive
and the sophisticated agent for a presence bias for # = 2 in Panel (a) and for @ = 0.5 in Panel (b),
respectively. The corresponding first-order conditions for a future bias are shown in Panels (c)

and (d), respectively. To parameterize the first-order conditions, we assume quasi-hyperbolic

time discounting (QHD) such that for fixed parameters ¢ € (0,00), 5 € (0, 00),

Po1 = 39, P12 = Po1 = po  and Po2 = 552-

where presence bias corresponds to § < 1 and future bias to g > 1.

3.3 Limit Analysis

Since the central inequality (16) is exclusively driven by Jensen’s inequality—with 6 < (>)1

determining a strictly concave (convex) function (-)? in (17)—one might expect that any strictly
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Figure 1: LHS and RHS’s of the Euler Equation
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Notes: Period 0 Euler equation. RHS*%, RHS®, RHS™: right-hand-side of Euler equation in model with standard

discounting, for the sophisticated agent, for the native agent, respectively. QHD model for parametrization wy =

1,0 =1, 8 =0.5in Panels (a) and (b), 8 = 1.5 in Panel (¢) and (d), # = 2 in Panel (a) and (c¢), and § = 0.5 in

Panel (b) and (d).
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positive difference my —mg§ > 0 would be strictly increasing on the interval (1, 00). Analogously,
one might also expect that smaller values of # < 1 result in an increase in the strictly positive
difference m§ — m{ > 0. In what follows we show that this is (with the possible exception for

the limit & — 0) not the case.

Limit Analysis for 6 - o0 <& % — 0. We establish, by the intermediate value theorem,
that the maximal difference m{ — mg > 0 must be obtained at some 6 € (1,00). To see this,

rewrite the MPCs of both agent types (at age 0) as follows

1

mg=———71,
L+ pg1+ P02

1-0
1 1
0 1 ) 1
1+ Po.1 T + P12 T
’ 0 ’ 4
1+p1,2 1"'P1,2

Taking the limit yields for the naive agent limy_, ., mg = % For the sophisticated agent we have

s _
mo—

00,2

P0,1P1,2

-

|
5
LS

1
1-0 1-6 [
1

. : 1
ghm = lim pg, T + 19 T oz
—00 mo 60— 00 1 + I0102 1 + p192 ,0()71p172

1 —1 ( p )0

0 0 0,2

=p L+p =2,
! (1 + P?,2> b2 P0,1P1,2

1
3

»
=

O
==

which also yields limgy_,o, m§ =

This shows that in the limit 6 — oo consumption levels across periods become for both
agent types perfect complements irrespective of the values of the discount factors as the IES
% converges towards zero. Consequently, the two types of agents exhibit in the limit identical
consumption behavior in all periods, i.e., ¢j = ¢y = ¢ = 2. While the strictly positive difference
mg —mg > 0—which is a continuous function in 6 € (0, co)—must thus strictly increase on some
interval [1,z] with x > 1 whenever the model is dynamically inconsistent, it will eventually

decrease towards zero if 0 gets large.
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Limit Analysis for 6 -0 <& % — 0o. For the naive agent we obtain

p

1 if pg; <land py, <1
L+ po1 + pog )
1 if po; =1 and py, <1, or

\

To analyze the situation for the sophisticated agent, observe that her utility function is contin-
uous in period-0 consumption as well as in the concavity parameter 6 € [0, 00) whereby we now
include zero as a possible value. By Berge’s (1997, p.116) maximum theorem, the maximizer cor-
respondence mj : [0, 00) = [0, 1] is upper-hemicontinuous in §. Moreover, m§ is uniquely pinned
down by the first-order condition for all § € (0, c0) so that the upper-hemicontinuous correspon-
dence m§ (0) reduces to a continuous function on (0, 00). Generically, the correspondence ms ()

is also single-valued at § = 0, in which case upper-hemicontinuity implies'®

(191_1’}% mg (0) = mg (0)

where m$ (0) denotes the unique maximizer of the sophisticated agent’s utility maximization

problem at 6 = 0. Because of
1-0

wl) =15 =

this utility maximization problem at # = 0 is linear, which yields the following corner solutions

¢,

(where we restrict attention to the generic case py 1, P9, P12 7 1)

Po1 > 1and py, > 1 implies mg (0) =0,
Po1 > 1and py, <1 combined with p; , < 1 implies mg (0) = 0,
pon > 1land py, <1 combined with p; , > 1 implies mg (0) = 1,
po1 < 1and py, <1 implies mg (0) = 1,
po1 < 1and py, > 1 combined with p; , < 1 implies mg (0) = 1,

Po1 < 1and py, > 1 combined with p, , > 1 implies mg (0) = 0.

131f m§ (6) is multi-valued at § = 0, then upper-hemicontinuity implies for any non-zero sequence of

lim mg (6) = x € mg (0) = [0,1].
60—0

Multi-valuedness of mg (0) is non-generic as it happens iff (i) py ; = 1 and py o = 1, or (ii) py; = 1 and p; 5 < 1,

or (iii) pp; > 1 and pg 5 = 1 combined with p; 5 > 1.
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Unlike in the limit case 6 — oo, where

lim (mg —mg) =0
f0—o0

holds for all possible discount factor values, the convergence behavior for # — 0 can now be
different for specific combinations of discount factor values. Combining the above conditions

with (23) gives us the following three cases:

e Limit Case 1. We have

lim (mg —mg) =0—-0=0
60—0

whenever

(i) poy > landpy,>1,or (24)
(ii) poy > 1 and py, <1 combined with p;, <1, or

(iii) po; < 1and py, > 1 combined with p; 5 > 1.

e Limit Case 2. We have

lim (m§ —mi) =1—1=
i (mg —mg) 0

whenever

(iv) po1 < 1 and py, < 1. (25)

e Limit Case 3. We have

lim (m§ —mi) =1-0=1
i (mg —mg) 0

whenever

(v) poy > 1and py, <1 combined with p; , > 1, or (26)

(vi) po; < 1land py, > 1 combined with p, , < 1.

For discount factor values covered by Cases 1 and 2, the two agent types exhibit in the limit
6 — 0 identical consumption behavior in all periods, where the maximal difference mg§ —mg > 0
is obtained at some 6 € (0,1). In contrast, for discount factor values covered by Case 3, the
positive difference m§ — m{ > 0 converges on (0,1) to the maximal value of one if we let 6

converge to zero.
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3.4 Further Illustrative Examples

We again assume QHD such that for fixed parameters € (0,00), 3 € (0,00), we get py, =
Bo,p12 = po1 = B0,poo = (62, where presence bias corresponds to f < 1 and future bias

to 8 > 1. Recall that our main result implies that

1
6 < (>)1 implies my < (>)mg whenever Por  _ 2 # 1.

Po,1P1,2 B

Limit Analysis for Quasi-hyperbolic Time-discounting. The previous limit analysis
straightforwardly applies with the exception of Limit Cases 1(ii) and 1(iii) in equation (24),

which are empty because of py; = p; 5 = 30.

Iustration. Figure 2 displays the MPC differences mg —m{ for four parameterizations of the
QHD model giving rise to the four possible Limit Cases 1(i), 2, 3(i) and 3(ii), respectively. To
facilitate readability of the respective figure, we show the interval € [0, 1] in Panel (a) and the
interval 6 € [1,6] in Panel (b).

Figure 2: Differences in MPCs in 3-Period Model

0 |
“ :\‘\
] A
08l 3 0.002 %
E )
. -0.004 1 o
2061 - Y ==
£ -0.006[ "% ame=E
! g \ RN S e
€ o4l £-0008F: T---T e
—-= (=3 5=0.67 o01r v e a0
02l — 3=0.67 5=1 w0 e — 3=0.67 =1
J— e f=40=0.33 0.012F e T e (3=4 6=0.33
s ~~el T =0.33 6=2 $=0.33 6=2
0 l—e=—"— : S — -0.014 : : : : ‘
0 0.2 0.4 0.6 0.8 1 1 2 3 4 5 6
fc0,1] 01,6
(a) <1 (b) 6> 1

Notes: Percent differences between sophisticated and naive agents’ MPCs for four parameterizations correspond-

ing to the Limit Cases 1(i), 2, 3(i) and 3(ii) of Subsection 3.1, respectively.
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4 Who Saves a Greater Fraction of Their Wealth?

4.1 Point of Departure

By definition, the sophisticated agent and her naive counterpart solve different utility maximiza-
tion problems whenever the model is dynamically inconsistent. Quite surprisingly, however, the
solutions to both problems coincide for arbitrary discount factors if the period-utility function
is of the logarithmic form. This remarkable finding goes back to the seminal analysis in Pollak

(1968).

Theorem 0 (Pollak 1968). For all (arbitrary) specifications of the effective discount factors
we have at every age h:

0 =1 implies m; = m;,.

It is straightforward to verify Pollak’s Theorem directly by setting § = 1 in the MPCs of
Propositions 2 and 3 to obtain
1 for h=T

my =mp =
L for h <T — 1.

1+Z?:h+1 Ph,t
4.2 New Results

For general 6 # 1 it follows also from Propositions 2 and 3 that the MPCs of the T- and T'— 1-old

agents coincide for the naive and sophisticated type such that

mp = m;‘ = 17
s 1
mrp_y = Mp_y1 = PN
1+ (PTA,T)
For any ages h < T'— 2, however, it is no longer obvious how the sophisticated and naive agent’s

savings behavior will compare whenever 6 # 1. Our main result extends Pollak’s analysis to the

whole class of iso-elastic power utility functions, i.e., to all concavity parameter values 6 # 1.

Theorem 1. For all (arbitrary) specifications of the effective discount factors we have at every

age h <T — 2:
(1) 0 <1 implies m}} < mj;
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(ii) 0 > 1 implies m}} > m;,.

The proof of Theorem 1 follows from the following Lemma, which is derived by a backward

induction argument that uses Jensen’s inequality.!*

Lemma 1. Let h <T — 2.

(i) 0 <1 implies mj < mj if and only if mph £ my for some t > h+ 1.
(i) 0 > 1 implies mj > m; if and only if mph £ m; for some t > h+ 1.

(iii) 6 # 1 and m? = m; if and only if m}" =m$ for all t > h + 1.

Game-theoretic Interpretation. Recall from our Definition 3 that m"" # m$ for some
t > h + 1 means that the model is dynamically inconsistent at age h. That is, the h-old
sophisticated agent and her naive counterpart solve different utility-maximization problems in
the specific sense that their shared best response function (5) from Proposition 1 uses the
different arguments (mj_,,...,m}) and (mel, ...,m?’h), respectively. By Lemma 1, only the
sophisticated—but not the naive—agent’s savings behavior coincides with a subgame-perfect
Nash equilibrium path if (i) the model is dynamically inconsistent and (ii) 6 # 1.

The situation is different for logarithmic utility. For # = 1 the best response function of the

h-old agent (5) greatly simplifies to
1

1+ Phps1 M1 + o+ pprmy

By Theorem 0 (Pollak 1968), it must therefore hold for § = 1 that

*,h
my" (Mpg1, ..., mr)

m; = my
=
*,h s o N n,h n,h
my" (my g, omy) = mpt (mpy, . my
=
s s _ n,h n,h
Phh1Mpsr T T O 1M1 = PrpnMpiq T T Pp 1My (27)

for arbitrary discount factors. That is, the best responses against the different arguments

(meH, ,mST) and (mel, ...,mg’h> are always the same if # = 1. This leaves us with the

14For the basic proof idea see Section 3.1.
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remarkable feature that for logarithmic utility the consumption choices of the naive agent are
in hindsight mutually best responses, i.e., correspond to a (subgame-perfect) Nash equilibrium
path, in spite of the fact that they were chosen as best responses against anticipated future
choices that did not realize.

The ‘precariousness’ of the equality (27) suggests that it might break down when we move
from our baseline model—in which best responses are ‘path-independent’—to model extensions
in which the h-old agent’s choice has an impact on future choices. For such extensions we
would therefore conjecture that the correct anticipation of this additional strategic impact by the
sophisticated agent might make a difference in the solutions to both agents’ utility maximization
problems under logarithmic utility. We think that this is exactly what happens when we analyze
in Section 5.2 the three-period model with period 2 income risk as considered in Salanié and
Treich (2006). Due to this final period income risk, the 0-old agent has a strategic incentive to
influence the 1-old’s choice, whereby this impact will be correctly anticipated by the sophisticated
but not by the naive agent. As it turns out, Theorem 0 (Pollak 1968) does no longer hold for
this model extension. In contrast, we show that Theorem 0 (Pollak 1968) goes through for a
model extension with income risk in period 1 only. In this situation, like in our baseline model,

the 0-old agent cannot strategically influence the 1-old’s MPC choice.

4.3 Quantitative Relevance

We illustrate the quantitative implications of our findings in Figure 3 for a stylized calibration
of a standard hyperbolic time discounting model assuming estimates of 8 regarded as plausible
in the literature, cf. Bansal and Yaron (2004). We relegate to Appendix C a description of the
calibration of the model. For a typical “finance” calibration with 1/0 = 2 the percent differences
are very large, and also for a standard “macro” calibration where 1/6 = 0.5, the implied percent

differences in consumption range from non-negligible —0.8% at age h = 0 to 1.4% at age T.

5 Discussion: Model Extensions

We first discuss model extensions that preserve linearity of the consumption policy function at

all ages before we turn to model extensions which do not.
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Figure 3: Percent Differences in Marginal Propensities to Consume and Consumption Levels
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Notes: See Appendix C for the calibration of the model.

5.1 Epstein-Zin-Weil Preferences with Random Returns and Portfo-

lio Choice

We extend our main analytical result to a life-cycle model with uninsurable return risk, a portfolio
choice and Epstein-Zin-Weil (EZW) preferences (Epstein and Zin 1989; Epstein and Zin 1991;
Weil 1989) with arbitrary discount factors. Our extension builds on fundamental insights of the
seminal work by Merton (1969) and Samuelson (1969) who establish that the policy functions
for consumption are linear in total wealth for homothetic preferences and serially uncorrelated
returns. The according expressions for the MPCs of the naive and the sophisticated agent are
therefore analogous to those in our baseline model. It is then straightforward to establish that

the backward recursive proof of Theorem 1 readily extends to this setup.

5.1.1 Epstein-Zin-Weil Preferences

We express the familiar Epstein and Zin (1989, 1991) aggregator

P, 1 i;e ﬁ
Vh = (Cg—e 4 Pritn (E [m;”D )  for all h >t
Ph.t

equivalently through the monotonic transformation

1-6

1 - P, 1 =]\
o= g e+ Bt o) )T e

27



1-6
for u(c;) = F—, where parameter o > 0 is a measure of risk-aversion whereas parameter 6
is a measure of resistance to inter-temporal substitution. For the parametrization ¢ = 6 the
standard additively time-separable case with CRRA per period utility function is nested as a

special case.!®

5.1.2 Random Return Process with Portfolio Choice

Let R; be an independently (over time) distributed risky return factor governed by the additive
probability measure 7w, where R, takes weakly positive values m-almost surely. Additionally,
let R/ be a risk-free return factor such that Rf < E[R,] = [ Ridr. The household chooses in
period h <t to invest shares o in stocks with next period risky return R;;; and 1 — a4 in bonds
with risk-free return R/. The stochastic portfolio return on the beginning of period ¢ financial
wealth holdings is accordingly R = R/ 4+ o, (Rt — RS ) Additionally, let e; be a (possibly
time varying) deterministic endowment income stream of the agent.

The budget constraint in terms of financial wealth a; is
a1 = @R (1) + e — ¢ (29)

for ag given. In terms of cash on hand x; = a; R} («v;_1) +e; we can rewrite the budget constraint
as
Tep1 = (¢ — ) R p (o) + eppr (30)
Next, notice that human capital as the discounted sum of future deterministic labor income
obeys
hiyi = b RF — ey . (31)

Consolidating budget constraints (30) and (31) gives

wyy1 = (0 — ¢) Ry, () (32)
where
Gy = ot — (33)
Wt — C

15There exists an ongoing discussion in the literature regarding the question whether homothetic EZW pref-
erences that explicitly incorporate the utility of possible death can be consistent with the natural assumption
that ‘life is better than death’ for parameter values o # 6, 0 > 1,0 > 1 (cf. Hugonnier et al. 2013; Cérdoba and
Ripoll 2017; Bommier et al. 2020; Bommier et al. 2021). To sideline this discussion, we simply interpret the

discount function py, , as pure time discounting, thus p;, ;, = 0p ;.
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Note that if the event R;;; = 0 has strictly positive probability, then by the lower Inada
condition of the utility function, i.e. lim. o u.(c) = oo, the household will choose &; < 1 and
thus there exists the possibility of self-imposed borrowing constraints. Also observe that a nested
model variant is a cake-eating problem (i.e. e, = 0 for all ¢) with risky returns (with or without

a portfolio choice).

5.1.3 Solution

We derive in the Appendix A the following solutions to the EZW life-cycle model with random

returns and portfolio choice for the naive and sophisticated agent, respectively.

Proposition 4. Consider the EZW life-cycle model. The marginal propensities to consume

are given as follows:

e for the sophisticated agent:

1 for h=T
myh = (34)
1 + for h < T,
1+<ph,h+1d}t+l®<dt’Rf’Rh+1’7r)>6
where CZH follows from the backward recursion int =T —1,...,h
ch =i P () (81, Re ) 3
hot

ford}zl, where for allt =h,..., T —1

1-6
@ (éét, Rf7 Rt+17 7T) - maX { (/ Rf+1(&t)1—ad7r) } ) (36)

g
e for the naive agent:

1 fort =T

1 fort <T,

et )

D

where O(-) is given by (36).

e for both agents the optimal portfolio choice &; = &) = &y is the solution to

/ R, (&) “dr =0 (38)
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We thus find that the separation between risk attitudes as measured by ¢ and inter-temporal
attitudes as measured by € inherent to EZW preferences is reflected in the solution of this
model to the effect that both households choose the same optimal portfolio share &; as the
solution to (38)—which due to the convexity of the function R} (&)~ in the portfolio share is
decreasing in risk aversion o—, whereas the relationship between the marginal propensities to
consume out of total wealth across the two types of households is exclusively driven by inter-
temporal attitudes as measured by 6. Specifically, as in our recursive proof of Lemma 1 we
likewise find that
my, < m’ = (mZﬁ)GCZH <1
and since

0
n,h
ph,t—l—l ~ 1- mt7 n,h
p—@ (Oét, R, Rt+1,7T) =\ ——n | Mut
hit

we can use the above in equation (35) to obtain (48). An application of the analogous steps as

in the backward recursive proof of Theorem 1 gives us:

Corollary 1. Lemma 1 and Theorem 1 extend to the dynamically inconsistent EZW life-cycle

model with arbitrary discount factors.

Our finding on marginal propensities to consume in Theorem 1 combined with the finding
of equal (across the two types) optimal portfolio shares &; leads us to the next observation

regarding the portfolio shares as a fraction of financial wealth o for i € {n, s}. Recall from the

’ h
O[Z:dt 1+ - t -
t R

and since (the optimal) &; and h; are the same for both types of households, differences in

definition of & in (33) that

the optimal portfolio choice out of financial wealth, o}, across the two types are solely due to

differences in z! — ci. Specifically, we get
af < af & xp—cf > xy —cf & wi (1 —mi) > w (1l —m}).

Next, assume that the return realizations R; are the same for the naive and the sophisticated
household (aggregate return risk). Then, since at all ¢ wealth accumulation, or decumulation,

obeys (32) and since & = d, for i € {n, s} we obtain
mi <my & (L—miw, =2 (1 —mi)w, = wiy = wiy,
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for all t > 0, where the last inequality follows from (32) because &: = &, and by our assumption of
aggregate return risk so that return realizations are the same for the naive and the sophisticated

household. This yields:

Corollary 2. Theorem 1 extends to portfolio shares in the dynamically inconsistent EZW

life-cycle model with arbitrary discount factors such that:
(i) 0 <1 implies af < «j for all h;

(i) € > 1 implies o} > a5 for all h.

5.1.4 A Model with Risky Human Capital

An alternative model giving rise to the same mathematical properties as the above model with
portfolio choice is one with risky labor income generated by risky returns to human capital h;,
and a linear human capital production function taking monetary human capital investments i,
as inputs, cf. Krebs (2003). The dynamic budget constraint for asset accumulation is now given
as

a1 = aRY (oy—1) + Thht —Ct — 1y (39)

h

where " is some return on human capital h; and ¢; are monetary investments in human capital

accumulation. Here, we take r" as a deterministic number. Extensions to stochastic return

h

factor r" are, of course, possible. The human capital accumulation formula is assumed linear

hipr = he (14 ¢ — ) + 1y, (40)

where ( is an i.i.d. human capital accumulation shock and v is the depreciation rate of human
capital, both of which realize before the investment decision i; is made. We provide more details
on the assumed support of ¢ below. Combining (39) and (40) gives, after some transformations

of the budget constraint,

Qy1 + iy = RY (&t—la &?_1) (as + he) —

where &1 = ﬁ and &' | = #, RIMNC) =1+ 1"+ ¢ — v is the stochastic return on human
capital, and R} (&u-1,a; ) = R + &1 (R, — RT) + &, (RM(() — RY) is the portfolio return
from holding all three assets (the risk-free asset, the risky asset and the risky human capital).

We assume that RP(¢) is weakly positive (-almost-surely, i.e. ¢ > v — (1 +1").
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Next, define by w; = RY (&t_l, 5‘?71) (a; + hy) total wealth cum interest so that the budget

constraint becomes
o D ~ ~h
Wey1 = (wt - Ct) Rt+1 (Oét, at) )

which is of the same form as (32). Thus, the separation result between the optimization over
portfolio shares &y, &?—Which in each t < T is now a bivariate problem—and consumption ¢,
as above applies and consumption policy functions are linear functions in w;. Finally, notice
that if the event R, = Rfﬂ = 0 has strictly positive probability in all periods, then by the
lower Inada condition of the utility function, i.e. lim. o u.(c) = 0o, the household invests in all
periods a strictly positive amount into the risk-free, thus 1 —d&; — ol? > ( (self imposed borrowing

constraint).

5.2 Standard Labor Income Risk and Borrowing Constraints

The analysis of the previous subsection has established that our main result (Theorem 1) carries
over to model extensions which preserve linearity of the consumption policy function. Linearity
of consumption policy functions, however, does in general no longer hold for model extensions
with standard (additive) income risk and borrowing constraints. In such models the consumption
policy functions are concave for naive agents and for standard exponential discounting agents
(Carroll and Kimball 1996). For sophisticated agents only continuity can be established (Harris
and Laibson 2001) whereby it is well known that consumption policy functions may exhibit rather

strong non-monotonicities (cf. Laibson and Maxted (2023) and the literature cited therein).

5.2.1 Preliminaries

To focus thoughts, we assume that the agent earns a stochastic income yn that obeys a Markov
process with transition matrix 7(n,,, | n;) and age 0 distribution II(7,). The shock process of 7,
is normalized such that mean income is y. Further, we impose an age-independent borrowing
limit of the form a;; > —A for some A € (—o00,0]. Of course, the natural borrowing limit also
applies. To preserve direct comparability to the deterministic cake eating problem of Section 4,

we assume a zero interest rate.
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The dynamic programming problem of an h-old sophisticated agent with value function V()

and period ¢ asset holdings a; and income shock realization 7, is

th(ah, np) = max {U(CZ) + Ph,h+1Enh+1|nh [th+1 (ah+177lh+1)”

C}yah+1

S p )
‘/;h(a’h T]t) - gnax {U(Ct) + LAz Entﬂlm [‘/ZLkl (at+17 ,r]t—i—l)] } ) for all t =h + 17 s »T
€ttt Ph,h+1

with terminal condition normalized to Vi, (ar4+1,774,) = 0. Maximization is subject to

thﬁl(ahH» Nhy1) = o m%ﬁz {U(CZH) + Phi1n2Bo, olnn [th:zl (Gh+27 77h+2)] } (41a)
h+1
yn fort <t,
agy1 = a; + Yy — ¢;, where y, = forallt =nh,...,T
b otherwise.
at41 Z _"ZL (41b)
ary1 2 0, (41c)

whereby due to no satiation the transversality condition (41c) holds with equality in the opti-
mum. Constraint (41a) reflects that the sophisticated agent anticipates her future self’s deviating
preferences. The naive agent solves a similar problem but does not anticipate the deviation of

her own future self, thus constraint (41a) is absent for the naive agent.

5.2.2 Three-Period Model with Logarithmic utility

As in the analysis of the deterministic model, we first consider a simple three-period variant.
To this purpose, WOLG, we normalize y = % so that the deterministic human wealth in the
model, wy = 3y, is normalized to wy = 1. We further set ag = 0 and 7, = 1, i.e. households are
born with zero financial assets and there is no ex-ante heterogeneity. In the sequel we consider
different parameterizations of this model. We start by assuming A = oo and 1, = 1 so that
there are no borrowing constraints and income is only risky in period 1. We then consider the
case A = 0o and 1; = 1 so that there are no borrowing constraints and income is only risky in
period 2.

In what follows we focus on logarithmic per-period utility and show that Pollak (1968)’s
observational equivalence result (Theorem 0) breaks down for model extensions in which labor

income risk implies that ex ante agents can strategically influence the choices of their future

selves.
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Income Risk in Period 1. Setting n, = 1,A = oo the model is formally equivalent to a
model with random wealth whose true value is revealed after the MPC decision in period 1.
Denote by wy = 3y the deterministic wealth component in the first period of life, so that in the
second period the resources available for consumption are wy = (1 — mj)wy — y + yn;. Next
introduce random variable €; = y (n; — 1) so that yn;, = y + €; to rewrite w; = (1 — m})wo + €.
Since there is no income risk in the last period of life, the optimal consumption policy function

in period 1 is, for both agent types

. , 1
g =my ((1 — mg)wo + 61) , where m; =

1+ /)1%,2
for i € {n,s}. As in our baseline model, the consumption policy function at age 1 is linear in
wealth w; = ((1 — m)wp + €1) to the effect that the 0-old agent cannot strategically influence
the MPC choice of her 1-old future self.

Simply extending our analysis in Subsection 3.2 by the expectations operator, yields for

logarithmic utility the following Euler equation for the sophisticated agent

: ) e )
= my+ (1 —m —_ E
mywo Po ( 1+ 2 (Pmplz my ((1 —m§) wo) + €1

and for the naive agent

: ) E gl
= m;+(1—m E )
mgyWo Po. ( 1+ 2 (P01P12 my ((1 —mg) wo) + €

Note that the consumption policy function at age 0 is no longer linear in w,. However, as there

is no agent before the 0-old agent there is no agent who could strategically impact on the 0-old
agent’s choice. As a consequence, the analysis our baseline model goes through. To be specific,
by the same fixed point argument as in Subsection 3.2, we have m§ = mg because m{ and m{

are both the unique fixed point of the strictly increasing function RHS™! (-) in mg such that

RES (o) = pos (ml {1 -m) (P(ﬁolfm)) . {ml ((1- ”io) wo) + €1 o

As in our baseline model, # = 1 thus also remains the watershed case for the three-period model

with income risk in period 1 because no agent can strategically influence her future selves.

Income Risk in Period 2. Setting 7, = 1, A = co the model is formally equivalent to a model

with random wealth whose true value is revealed after the MPC decision in period 2, which is
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already discussed in Salanié and Treich (2006) (henceforth ST'). To make our own analysis better
comparable to ST, we are going to use their formal framework. Let yn, = y + €2, i.e., let the
random wealth shock be €5 = y (1, — 1), so that total wealth W, = wg + €5 is a random variable
whose true value will only be revealed in the final period. The corresponding utility functions

in ST for the 0-old and 1-old agents become

Uo (co,c1) = u(co) + poru(cr) + pooE [u(Wo — e1 — co)],

Ui (coc1) = uler) + prEu(Wo —ca —c)].

ST write (cf. p.1564): “Finally, an interesting implication of the condition on the utility function
derived in Proposition 1 is that it makes immediate the generalization of the comparative statics
to conditions of uncertainty. ... As a result, our condition is left unchanged when there is some
uncertainty on future revenues.” ST thus claim that under wealth uncertainty, just as in the
deterministic case, the naive and sophisticated agent consume the same amount as long as they
have a logarithmic period-utility function. In what follows we show that this claim is false.'6

Let u (¢) = In(c) and suppose that the wealth shock is given as

—v  with prob.
€y =

N= D=

+v  with prob.

for some v € (0,1). For a fixed ¢y the optimal period 1 consumption of the 1-old agent of both
agent types is then pinned down by the FOC
1 1

= -
1 1 L 5
P12 (m) P123 [m((lfu)fcffco * 1“(<1+”)*“T’C°]

with solution

i) = (e 1)) - \/ (st - >) Bl S

2(1+4 pyy (14 p1o)

Because the 0-old sophisticated agent correctly anticipates her future consumption behavior in

dependence on ¢y, she chooses ¢ as the maximizer of the following utility function

Us (o, ci (co)) = Inco+ poyIn(cf (co)) (43)

+Po2% In((1 = v) =i (co) = co) + (1 +¥) =i (co) = co)]

16To support their claim, ST provide an informal argument which is incomplete. Instead of considering both

value functions for the periods 1 and 2, ST only consider the final period 2.
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such that ¢ (co) = ¢ (¢p). In contrast, the naive agent chooses ¢ as the maximizer of

Up (co, e’ (co)) = Inco+ py In (0711’0 (co)) (44)

ooy (1= ) = & (o) = o) + (14 ) — &° (e0) — )]

whereby the naive’s planned consumption for period 1 is given as

n,0 1

cl = ) )
02 E < n,0 )
Po1 Wo—co—cy”

Po2.
(2+22)

2
2+ 2) o
2 (1+22) 2 (1+22) (1+22)
Po1 Po1 Po1

For the deterministic baseline case v = 0 we have linearity of the consumption policy functions

. (45)

in w; = 1—¢g so that (42) and (45), respectively, reduce to our familiar results in terms of MPCs

1 1
5 = —(1-— & mi = ——and
‘i (o) (14 p12) ( <) m (1+ P12) o
n 1 n 1
cl’o (cg) = —pm(l—co) @ml’o = TN
(1 + ﬁ> (1 + E)

By our previous analysis, this implies ¢ = ¢ for the deterministic base-line model with v = 0
and logarithmic utility. For v > 0, however, this linearity breaks down because these MPCs
become non-trivial functions in current wealth w; = E (Wy) — ¢g = 1 — ¢y. More relevantly to
our game-theoretic interpretation, due to w; = 1 — mowy these 1-old MPCs become for fixed

wealth wg functions in the 0-old’s MPC choice my whenever v > 0:

2 R 7S
ms (mo) = i (co) _ (2+ p1o) _ ( (2+ p1o) ) _ 1 (1—m0w0)2’
wy 2(1+p12) 2(1+p12) (1+p12)
Po2 Po2 2 2
O (mgy = A0 _ (2+52) e\ 1o e
1 wy 2<1+@> 2<1+@> <1+pﬂ>
Po1 Po1 Po1

This additional strategic complexity is fully understood by the sophisticated agent whose
0-old self correctly anticipates through the function value mj§ (mg) the impact of her choice
on the choice of her 1-old future self. In contrast, the naive agent does not understand this

additional strategic complexity as her 0-old self remains completely ignorant about the fact that
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she is involved in a strategic game with her 1-old future self. The resulting differences between
ms (mg) and m"° (my) for all different values of mg and all v > 0 are a measure for this ignorance.
Due to this additional strategic complexity—as compared to our baseline model with v = 0—we
would conjecture that ST’s claim that cf = ¢ holds for arbitrary v > 0 cannot be correct. And
indeed, a simple quantitative exercise which directly calculates the maximizers of (43) and (44),
respectively, shows that the naive and the sophisticated agent do not consume the same. To
this purpose, we parameterize the model, again assuming the familiar quasi-hyperbolic time
discounting setup. Specifically, we choose for the long-run discount factor 6 = 1 and for the
short-run discount factor = 0.5 to set a presence bias, respectively 8 = 1.5 to set a future
bias. For the shock we assume v =0.8-y =0.8 - %

Table 1 provides the results where we focus attention only on period 0 consumption of the
two agent types and display in the upper part of the table the results with a presence bias,
respectively in the lower part those for a future bias. Column “NR” shows the results in the
deterministic economy (No Risk), column “IR 17 those for income risk in the first period of
life, and column “IR 2” those for the ST model with the wealth shock in period 2 (i.e., Income
Risk only in period 2). In this latter, scenario, both with a presence as well as a future bias the
sophisticated agent turns out to save more. While the differences are small, these differences are
not a consequence of numerical round-off because the solution of the maximization problem of

the sophisticated agent is computed at a much higher accuracy.'”

General Income Risk and Borrowing Constraints. We extend the analysis by allowing
for (i) income risk in the second period in column “IR 142" of Table 1, (ii) additionally a zero
borrowing constraint (A = 0) in column “IR 142, BC” and (iii) by autocorrelated risk as is
typically assumed in quantitative work in column “AIR 1+2, BC”. Note that the borrowing
constraint is neither binding in period 0 nor in period 1, but leads to a reduction of period 0
consumption because of standard institutionally motivated precautionary savings: to smooth
their consumption households save more in the presence of liquidity constraints to avoid future

constraints to become binding. Also notice that the borrowing constraint is irrelevant with a

future bias because of the strong inter-temporal (or life-cycle) savings motive. Throughout,

1TWe set the error tolerance to le — 08.
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Table 1: Difference in Consumption Behavior ¢ — cff

Specification NR IR 1 IR2 IR 142 IR 142, BC AIR 142, BC
Presence Bias, f = 0.5

gy 0.5 0.43686 0.40827 0.31564 0.30616 0.29979

e 0.5 0.43686 0.40965 0.31625 0.3063 0.31111

cy —¢ch 0.0 0.0 0.0013  0.0006 0.0001 0.011318
Future Bias, = 1.5

g 0.25 0.227 0.21215 0.17714 0.17714 0.16607

) 0.25 0.227  0.21253 0.17742 0.17742 0.16622

¢y — ¢h 0.0 0.0 0.00038 0.00027 0.00027 0.00015

Notes: NR: no risk, IR 1: income risk in period 1, IR 2: income risk in period 2 (ST model), IR 142: ii.d.
income risk in periods 1 and 2, IR 1+2, BC: i.i.d. income risk in periods 1 and 2 plus zero-borrowing constraint,

AIR 142, BC: autocorrelated income risk in periods 1 and 2 plus zero-borrowing constraint.

we find that with logarithmic utility the sophisticated agent saves strictly more than her naive

counterpart in the presence of period 2 income risk.

Figure 4: Percent Differences in Consumption
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(a) Percent Differences in Consumption

Notes: Percent differences between sophisticated and naive hyperbolic discounting agents’ average consump-

cn

tion (E—t - ) -100%, where ¢ = [ ¢;(@4,1,)d®.(xs,7,) for cross sectional distribution @, (x4, 7,).
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5.2.3 Quantitative Relevance in a Multi-Period Model

We now turn to the multi-period model, where 7, obeys a Markov process and the borrowing
constraint is strict (A = 0). Our calibration strategy is analogous to the strategy for the
deterministic multi-period model of Section 4.3 and described in Appendix C, which also contains
a description of the solution method. We solve the model at an annual frequency and it turns out
that non-monothonicities of policy functions are relatively mild and wash out at the aggregate
level for average consumption shown in Figure 4. Differences in average consumption across the
two agent types are very similar to those shown for the deterministic cake eating problem, also
see Figure 3. For # = 2 the average relative difference of the sophisticated and the naive agent
over age is —0.22 percent whereas this difference is positive and amounts to +2.91 percent for
6 = 0.5. As in the previously discussed three-period model, the logarithmic utility case (0 = 1)
yields higher consumption of the sophisticated agent with a positive average difference of 0.22

percent.

6 Concluding Remarks

Pollak (1968) shows that—irrespective of the specification of discount factors—the sophisticated
agent and her naive counterpart exhibit the same savings behavior whenever their period utility
function is logarithmic. We extend Pollak’s analysis to the class of all iso-elastic power utility
functions by showing that the sophisticated agent saves in every period a greater fraction of her
wealth than her naive counterpart if and only if the resistance to inter-temporal substitution is
larger than one. As a generalization of the additively time-separable life-cycle model we show
that exactly the same relationship holds in a model with uninsured return risk, a portfolio choice,
possibly self-imposed borrowing constraints and Epstein-Zin-Weil preferences. We also show that
these results no longer hold in models with standard labor income risk and occasionally binding
borrowing constraints.

We expect our findings to provide useful guidance for the interpretation of results in quan-
titative work where closed form solutions no longer arise but where the interpretation on the
relative consumption responses of the two types of agents in 6 still holds approximately. We
also plan to investigate in future research the quantitative implications of the extension of our

model to uninsured human capital income risk for the welfare costs of dynamic inconsistency.
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Appendix

A Proofs of Theorem 1 and of Main Propositions

A.1 Proof of Theorem 1

Our proof of Theorem 1 is based on the recursive presentations of the marginal propensities
to consume of the sophisticated and the naive agent. The different implications for the cases
6 < 1 versus # > 1 result from a simple application of Jensen’s inequality to strictly concave
and strictly convex functions, respectively. Because the proof of Theorem 1 will be implied by

the proof of Lemma 1, we prove, at first, Lemma 1.

Proof of Lemma 1. Part (i): We show for h € {0,...,7 — 2}:
(i) 0 < 1 implies m}} = mj, if m{"" =m$ for all t > h+1.
(ii) 6 < 1 implies my < m3 if m{" #m$ for some t > h + 1.

Recall from (7) and (55) the following expressions for MPCs

5 1
1+ (Ph,h+1Ch+1> ’
where
h 10 Phit1 1-6 +h
Cr=mi + ) (L=m) " (i (46)
hit
as well as
1
mph = . - (47)
Ph, 0 n,h—
1+ < phtjl> Mty
Using these expressions gives us at age t = h
mp < m;
<~
. 7
B\ Ph,h+1 a
(Ph,h+1§h+1)(9 < ( ) Myt
Ph,h
=
R0 h
mZH Chy1 < L
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Next, we appropriately transform (? . To this purpose, notice from (47) that

1 ’I'L,h 9
Pri+1 — my n,h?
- noh Mty -
ph,t mt

Using this in (46) we get recursively for t =T —2,..., h+ 1
1-0 1 mn’h ’ 0 0
h s B t s\1— n,h? ~h
G =my  + (T) (L=my) " ms G

n,h o n,h o
n,h? -h my’ s 1 —my s n,h? -h
A my t = ( 7TtLS ) my + ( . ) (1 _mt)mt+1 Cia1- (48)

The remainder of the proof proceeds by backward induction on (48) over t =T —1,..., h+1.

Claims: First, we claim that, for all t € {h+1,...,T — 1}, # < 1 implies
m 'l =1 (49)

if mp" =ms for all t > h + 1.

Second, we claim that, for allt € {h+1,...,T — 1}, 6 < 1 implies
mcl <1 (50)
if m?’h # m; for some t > h + 1.

Base Case: Recall that m} = m?’h =mj = 1. In period t =T — 1 we have

. mn,h o 1 — mn,h 0
n,h? ~h _ T—1 s T—1 s
my_Cp_q = s my_ 4+ (——— | (L—-mj_,).

T-1

Suppose, at first, that mgfl = mj._,. Then our first claim (49) is trivially satisfied for t =T —1
because of

6
mp" Gy =1

irrespective of the value of 6.

Suppose now that m2", # ms._ |, implying

n,h 1— n,h
mp_4q ] mp_4q
—.

S
mp_y L—mip_,y
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By the strict version of Jensen’s inequality, we obtain for 8 < 1

n,h 0 1 n,h 0
mr_y s — Mp_ s
myp 1CT 1= ( p ) mp_y + <—S ) (1_mT71)

0

because z” is strictly concave for # < 1. Consequently, our second claim (50) is satisfied for

t=T-—1.

Backward Induction Step: Suppose that the first claim (49) has been proved for period
1+ 1. That is, we have shown that 8 < 1 implies

n,h?
mz+1 H—l =1 (51)

if m{" =ms for all t > i + 1. Rewrite (48) as

R\ ? Y\ ?
n,h8 ~h m?, s 1 - m?
m;" G o= ( - ) m; + <—1 gy ) (1 —mf)mi} CH—I

A(m" m?) < 1 (52)
whereby this inequality is strict if and only if m " £ ms. Since
r+y<1and b<1implies z + by <1,
(51) together with (52) gives us the desired result that < 1 implies
mp =1 (53)

2 whereas we have

0
m?’h C? <1
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Next suppose that we have proved the second claim (50) for period ¢ + 1. That is, we have

shown that 6 < 1 implies
RO b
mity G <1

if mp" £ ms for some ¢t > i+ 1. Because of (52), we must have that
n,h8 <h
m;" ¢ <1

Combining both cases proves Part (i) of Lemma 1.0

Proof of Lemma 1. Part (ii): We show for h € {0,...,7 — 2}:

(i) 6 > 1 implies m} =m; if m)"" =m for all t > h+1.

(ii) 0 > 1 implies my < m;, if mph £ m; for some t > h + 1.

The proof proceeds exactly as the proof of Part (i) of Lemma 1 whereby we prove the following
two claims:

First, for allt € {h+1,...,T — 1}, > 1 implies

m G =1
if m"" =ms for all t > h+ 1.
Second, for all t € {h+1,...,7 — 1}, 6 > 1 implies
myp > 1 (54)

if m"" 2 mg for some t > h + 1.
The only difference to the proof of Part (i) is the reversed strict inequality in claim (54)

which follows, by the strict version of Jensen’s inequality, by strict convexity of 2% for § > 1.00

Proof of Theorem 1. To prove Part (i), we have to show that § < 1 implies m} < mj,. Recall

from the proof of Lemma 1(i) that
m?”hggi‘ <1lforallte{T —2,...,h+ 1} implies my < m;.

Moreover, the proof of Lemma 1(i) had established that < 1 implies either m?’hegi‘ =1or
m?’hOCf < 1lforalte {T—2,...,h+1}. An analogous argument applies to Part (ii) of
Theorem 1.010J
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A.2 Additional Proofs and Derivations
A.2.1 Proof of Proposition 1

For h = T, we trivially have as optimal consumption ¢’ = wy with optimal MPC m3" = 1.
For h < T, the optimal period h consumption cZ’h from the perspective of the h-old agent is

pinned down by the following FOC:

d
d_Uh (mh7"'7mT) =0
mp, mp= m;h
T
= Z phiu' ((1 — mZ’h> my (1 —m; > ( (1-— mj)) ,
t=h+1 j= h+1

which becomes for the power period utility function

, o T t—1 1-0

*,h~ *,h

my, (1 — My, ) Z Ph.t <mt H (1 _mj)> -
t=h+1 j=h+1

Solving for mZ’h yields the best response function

1

T t—1 16\ ¥
1+ (Zth-{—l Pht (mt Hj:h—H (1- mj)) )

*,h
mh (mh+1, ...,mT) =

A.2.2 Proof of Proposition 2

The proof is nested as part of the more general proof in a model with return risk provided as

Proof of Proposition 4 below.

A.2.3 Proof of Proposition 3

Mathematically equivalently, the h-old naive agent’s planned MPCs are pinned down by the
following FOCs for all ¢ such that h <t < T

-0
n,h —6 _ TL,h
ph,t(mt wy) = Pht+1 (mt+1wt+1)
=
-0
n,h -0 n,h n,h
Ph,t(mt wt) = Phrtr1 \ My \We — Ty Wy
=
h 1
mt = : (55)

S

—1
L () (mith)
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Substituting

nh 1
M = 1 1
h
1 Ph,t42 n,
+ Ph,t+1 mt+2
in (55) gives
n,h 1
m _

S T -
Ph,t+1 Phit2 )9 n,h
1+ ( Ph,t > + ( Ph,t > <mt+2>
By repeating this argument until m;ﬂ’h = 1, we obtain the following closed form description of

planned MPCs

S

1 fort=1T
n,h

m =
! 1 - fort<T —1.

<

B DA (Z}}%I;)
A.2.4 Derivation of Equation (8)

The consumption growth rate of the sophisticated agent is given as

S S S
Ch1 _ MppaWhtr 1 — M s
c mywp my htl

Using the expression for m§ and (/' 41 from Proposition 2 we obtain

c; L
h+1 g ho

T —Ph,h+1Ch+1
h

3 10 Phh+2 1-6 0
__ 0 s s s h s
= Ph,ht1 (mh+1 + (1 - mh+1) Chia | ™Mhi1

Ph,h+1
1
-0 3
3 Ph,h+2 1 —mj
__ .0 s s s +1 h
= Phprr | Mpi1 T (1—mphi1) s Chto
Ph,ht1 M1

1 Ph,h+2 h+1\ 3 -0 h 0
= Phht1 (miﬂ + P (1 —mjpy) ((Ph+1,h+2Ch+2) 0> Chto
h,h+1

h 7
1 Ph,h+2 Ch
— 0 S ) +2 S
= Php1 | Mhy1 + Al (1 mh+1) :
Phht1Phs 1,2 Cpyo

Noting that u.(c) = ¢¢ then gives (8).

A.2.5 Proof of Proposition 4

Sophisticated Agent. Our proof is by backward induction.
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Claims: The value function of the sophisticated agent in any period t > h is given by
1 _
U/ (w;) = m(gwtl ’ (56)

with associated policy function

cp = mjwp,. (57)

Base case: In period T' we have ¢ = wy and thus Ul = l%ew%_e and mj, = 1.
Backward Induction Steps: Suppose the claims (56) and (57) have been shown for all
periods h + 1,...,T. Then iterate backward for all t =T —1,..., h + 1 using (56) in (28) to

get, also using resource constraint (32),

(mzu@y+%H%%EOEml_mwﬁﬁgD1J

Ph.t
1 [ Ph t+1 -h l1-o =6
- S 1- 3 -0 e 1—0o
- g (s B, (2 [ H)) )
1 e P L A )
— _1 9 ((mt)l 0 + h,it+1 (1 o mt)l 0 Cil+1@ (at7 }%f7 Rt+17 7-[-)) wtl 0
o Ph.t
1 i
:1—9dw3ﬂ (58)

which defines (36) and establishes the backward recursion of ¢ in (35).
Next, in period h use (56) in (28) to get
1 1=o 1\ 150
Ul =  max_ {<cz>1-9 + oG (B (i) 7)) } . (59)
]. 0 ch,wh+1,ah

Use the resource constraint (32) in the above to obtain, by the separation between the optimal

consumption and the optimal portfolio choice,

1 _ - 1oy
U}IZ = T@ max {(CZ)I ’ + Ph,h+1 (wh - C}i)1 9} CZH r%fix { (E [(RZH(O&h)l 9) 170]) }

Ch

-~

=0(an.Cl 1 R! Rys1,7)

with first-order condition for ¢}
()" = ppis (W — cn) " Cpy© (G, B Ryiy, ) = 0,
where &} is the optimal portfolio share further characterized below. We thus get
c; = mjwy
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where
1

L+ [ppnaChir© (i, RS, Ry, )]
which is (59) and proves the claims.

s _
my, =

S

Naive Agent. For the naive agent, we essentially follow the same steps with the following

modifications:

e The maximization problem in (59) is solved for all t = h,..., T — 1, thus

1 1-6 P 1-o %
n,h n,h h,t+1
Ui ~ 1.9, , max l{(ct ) + p+ Ctir (E[(w:}+f)19}> }7

n ~n,h
L We1,0 h,t

which, using the resource constraint and the separation between the optimal consumption

and the portfolio choice, gives

1
mpl = . (60)

1 + [ph L <t+1 (atv Rf7 Rt+17 ﬂ-)]

S

e Using the solution back in the value function as in (58) gives

n 1 n 1-6 p n, -0 AT —
Uy "= 1-9¢ (mt G htHCtH ( —my h) S} (0% "R, Rt+177T>) w;™?

Ph.t
0
1 n,h1=0 wi\ 0 (1 —m}" 1-0
=——|my —I—(l—mt’) — wy,
1—9 mt’
1 nh—@ _
= —1_9mt’ wt1 0

e We thus find ¢! = m!™". Using this in (60) we finally obtain
1

1 _1°
~m,h 0 n,h
1+ <ph ttl@ <ozt ,Rf Ry, W)) (th)

Optimal Portfolio Choice. Since © (&t,Rf ,Rt+1,7r) is the same for both agents we ob-

h _
my

tain & = &?’h = @4, where from the first-order condition of the optimal portfolio allocation

problem &; is the solution to

E[RL,(60) "] = /RtH(A)“dw:o

and thus the optimal portfolio allocation problem at t is a static decision problem, which is

parameterized by risk aversion o.
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B The Three-period Model: First-Order and Compara-

tive Statics Analysis

B.1 First-order Analysis

The three-period model lends itself to a first-order analysis because all deviations from the
dynamically consistent benchmark case can be described through one parameter, denoted e,

only. The three-period model is dynamically inconsistent (at age 0) if and only if

either Poz > g OT foz < P12 (61)

Po,1 0,1

which is the case if and only if either one of the following two cases holds:

e Case 1:
ﬂzl—kefor some € > 0, (62)
Po,1P1,2
e Case 2:
ﬂzl—eforsomeee (0,1).
Po,1P1,2

Let us start with Case 1. Pick arbitrary values of py,, p; 5, and py, satisfying ZE—’? > P12

which pins down a unique value of € > 0 in (62). Fix the discount factors p; ;, p; o and rewrite

both MPCs as the following functions in ¢ € [0, ¢]:

1

mg (8) = 1 1 1 9
1+ pg4 (1 +(1+¢)? Pf,z)
1

mg (€) =

Note that
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as well as

T-
1-6 1-6 [
5 1 5 1 Po,2
[ [ ,
1+P071 % +p112 % <P01P12>
14+p7 5 I+py o ’

That is, for fixed p,,,p;, We describe both MPCs as functions in ¢ € [0,¢] such that ¢ = 0
stands for the dynamically consistent benchmark case—disregarding the true value of p,o—
whereas ¢ = ¢ yields the true—but dynamically inconsistent—value p, 5 = (1 +€) py1p; 5. Our

analytical strategy is now very simple: Since we have for the differentiable function
f(e) =mg (e) —mg (¢)

that f(0) = 0, any parameter conditions that imply (i) a non-negative slope d%‘le f(e) > 0 for

e =0 as well as (ii) a strictly positive slope d%f () > 0 for all € € (0, €] will ensure that

f(e) >0 my <my.

For analytical convenience define ¢f (¢) = %kmL&()E) for i € {n, s} so that
0 0
Po,1

SN

1-0 1-0

(1+¢)

11 s 1
@wE)=1+(1+¢e)?pl, and  gle) + 01,

T T
L+ pis L+ pis

and observe that &¢5 (¢) < ¢ (¢) is equivalent to < f (¢) > 0. Taking the first-order derivatives

yields
d . 11 1_ d . 11 1_
L =tohroi >0 ad L= lhara-meiso
1
where 1 —m; = ple’i € (0,1), implying (i) <4 f (0) = 0 as well as (ii) for all £ € (0, ¢]
L+pl,

d 1—
ZfE>0 e (Lt (1-m)e) <1+ e h<l.
For Case 1 we thus obtain that

6 < (>)1 implies my < (>)m, whenever oz P19
Po,1 ’
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Turn now to Case 2 for which both MPCs become the following functions in € € [0, €]:

n 1
mO (E) = 1 1 1 )
L+ p54 (1 +(1—¢)? ﬂf,z)
1

1-60 1-6 % '
1 1
1+ pgq ( 1é> +P19,2< 1é> (I—¢)
1+p7 1+p7 5

By an analogous argument as for Case 1, we have

mg (¢) =

d S d n n S
d—gqo (e) < d—gqO (¢) for all e € (0,1) = my (g) < mg (g),
where
n 1 é 14 d s 1 é 1_q
%Qo (e) = _§P1,2<1 —g)i <0 and EQQ (e) = _§P1,2 (I—=(1-my)e)? " <0,
implying
Qe <L) o (Q-(-m))’>01-9"*% o o<1
de° de

This gives us the statement

6 < (>)1 implies m{ < (>)mg whenever oz Py 9-
Poa ’
Combining Case 1 with Case 2 establishes the desired relationship

6 < (>)1 implies my < (>)m, whenever Fo2 # Py -
Po,1 ’

(63)

B.2 The Comparative Statics Analysis in Salanié and Treich (2006)

Restricted to the three-period model, Salanié and Treich (2006) (henceforth ST) already de-

rive our finding for the deterministic cake-eating problem. In their model the life-cycle utility

functions of the 0-old and the 1-old agent are respectively given as

U() (Co7 Cl) = Up (Co) —I— (A} (Cl) + [LUQ (U)() — Cy — Cl)

U1 (Co, Cl) = U (Cl) + )\U/Q (U)(] — Cy — Cl)

for arbitrary thrice-differentiable u;. ST define ‘lack of self-control’” as the inequality A\ # pu.

Adopted to our three-period framework with power period utility u, the maximization of the

20



following ST life-cycle utility functions

U() (Co,Cl) = —U (Co)‘{'@U (C])—F@U (on—Co—Cl),
Po,1 Po1 Po,1
Ui (co,c1) = u(cr) + pypu(wo — co — c1)

becomes equivalent to the utility maximization of our three-period model. For the three-period
model the ST definition of ‘lack of self-control’ is thus equivalent to our definition of dynamic

inconsistency (11) because of

Po,2
AF S pra#F—.
Po,1

Rewrite the period 0 sophisticated agent’s utility Uy (co, ¢} (¢o)) as a function in ¢g, A, denoted
Up (co, A). By a single-crossing argument from comparative statics analysis (cf. Theorem 4 in

Milgrom and Shannon 1994), the maximizers
{c} = argmax Uy (o, A)
<o

increase (resp. decreases) in A iff the cross-derivative satisfies

09Uy (co, )

> . <0).
9 o >0 (resp. <0)

Because of ¢f = ¢ for A = p, we thus have that c¢§ < ¢ if either

0 90Uy (co, M)
A < pand ae, B >0

or

0 aU(] (CO,/\)
A > i and Bes B\ <0

(cf. Figure 1 in ST). Although this comparative statics argument is closely related to our own

118 it comes with the advantage that one does not

first-order analysis of the three-period mode
require an explicit analytical solution for the maximizers ¢ and ¢f which we use (for the special
case of power utility) in our first-order analysis. As a consequence, ST can obtain the following

powerful result for general u;:

18Whereas, e.g., our Case 1 first-order analysis keeps Po.15 P12 fixed and considers deviations (1 +¢) py 1p; 95
€ € [0,¢], from the dynamic consistency benchmark ¢ = 0 towards the true value py 5 = (1 +¢€) pg 11,2, ST keep
nw= ZE—:? fixed and consider deviations in A from the dynamic consistency benchmark A = p towards the true
value A = p; . By the continuity of the problem, it does not matter from which initial values of discount factors
the true values py 1, 01 9, g 2 are approached as long as the desired strict inequalities for mg (i.e., cff) versus mg

(i.e., ¢) can be established.
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Salanié and Treich (Proposition 1, 2006). Any ‘lack of self-control’ X # pu, i.e., any
dynamic inconsistency in the three-period model, reduces the savings of the sophisticated

0-old agent compared to her naive counterpart if and only if, for all ¢ > 0,

© . _uw©,
G 2 —2% 9 for j =2, 3. (64)

n
Y

"

Uy

ST proceed by observing that (i) (64) holds with equality if and only if u; is the logarithmic
function and (ii) that (64) holds—within our class of power-period utility functions—with strict
inequality if and only if # < 1. In other words, the monotone comparative statics analysis in
ST arrives through an alternative proof at our main finding (63) for the three-period baseline
model.

As a drawback, however, any monotone comparative statics analysis (like our first-order
analysis) becomes intractable for more than three periods. The problem is that the number of
inequalities—and the corresponding deviation parameters—that are needed to cover all possi-
bilities of dynamic inconsistency explode once we move beyond three periods. To see this for
the four-period model, observe that instead of the two inequalities (61) we must now keep track

of all the combinations of inequalities

Pht+1 < Prass OF Phit+1 > ppyeq With b € {0,1} and t > h, t < 2.

Ph.t Ph.t

Whereas dynamic inconsistency can thus no longer be tackled for 17" > 3 through first order
or/and single-crossing analysis, the recursive structure analysis of the present paper provides an
elegant solution to the problem for arbitrary T' < oo.

An alternative to our recursive proof for 7" > 3 is a proof based on a variational argument,
which is presented in the earlier working paper version of this paper (Groneck, Ludwig, and
Zimper 2021), by which we can establish under dynamic inconsistency a weak inequality at all
ages, i.e. > 1 implies mj < mj for all h = 0,...,T — 2 and vice versa for § < 1. The main
advantages of our recursive proof are, first, that we can show that these inequalities are strict

and, second, that the main proof idea straightforwardly extends to models with return risk.
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C Calibration of Quantitative Models and Solution Method

C.1 Calibration

Agents become economically active in period 0 (corresponding to biological age 30) with initial
assets of ay = 3.4, cf. Groneck, Ludwig, and Zimper (2016) for data sources, and live with
certainty up to period T (corresponding to biological age 80). During the working period, they
receive stochastic labor income normalized to a mean of 1, thus En, = 1 until retirement at
age h, = 35. Calibration of the Markov shock process {n,, m(n,,1 | m,),I1(ny)} is based on the
estimates of Busch and Ludwig (2023) for the PSID for the moments of an AR(1) process with an
autocorrelation coefficient p = 0.9683 and a variance of the income shock of 02 = 0.1165.' We
discretize the AR(1) process via Tauchen’s method assuming n = 11 states.?’ The replacement
rate of the pension system is set to p = 0.5. To compare different models varying 6; € {0.5,1,2}
we calibrate the long-run discount factor ¢ so that the aggregate asset holdings in the model
economy match smoothed SCF data on assets taken from Groneck, Ludwig, and Zimper (2016).
Assets in the model are evaluated by assuming equal shares of naive and sophisticated hyperbolic
time discounters with long-run discount factor ¢ and short-run discount factor S whereby we
hold constant the difference between the short and the long-run discount rates A as calibrated by
Angeletos et al. (2001), i.e., A =1/0.7—1/0.95i7 = 0.383 leaving ¢ as the only free parameter.
Matching asset profiles yields the parameters summarized in Table 2 for each model variant.
Note that in our model with a zero interest rate a long-run discount factor above one is not

surprising.

C.2 Numerical Solution of Stochastic Model Variant

We reformulate the dynamic problem in terms of cash-on-hand z;, = a,+yy. Denote by cp,(xp, ;)

the age h consumption policy function at  and current period income shock 7;,, and by m®(z411,7,,1) =

aci+1($h+1ﬂ7h+1) the

Donis (now generally non-linear) marginal propensity to consume out of cash-on-

9Busch and Ludwig (2023) estimate a higher-order income risk process where higher order terms are orthog-
onal. Also, they distinguish between aggregate state dependent transitory and persistent income shocks. Our
calibration is a standard approximation to this process evaluated at the stationary invariant distribution of the

aggregate state.
20A high number of discretization nodes is chosen to smooth out any non-monotonicities of policy functions.
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Table 2: Calibrated Discount Factors

Stochastic Deterministic
0 ) B o I6]
0.5 1.0290 0.7377 1.0329 0.7397
1.0 1.0360 0.7413 1.0469 0.7469
2.0 1.0445 0.7457 1.0772 0.7623

Notes: Calibration parameters of the short and long-term discount factors § and ¢ in the stochastic and deter-

ministic variants of the QHD model for different values of 6.

hand. Since we assume QHD preferences, solution of the first-order condition gives rise to the

familiar generalized Euler equation (Harris and Laibson 2001)

S S 1 S S
uc(cp,(wn, my) 2 55Enh+1\nh [(mh+1(ﬂfh+1>77h+1) + B (1 - mh+1($h+1777h+1))) Uc(ch+1($h+1>77h+1))

We solve the model by iterating on the Euler equation using Carroll (2006)’s endogenous grid
method and evaluate the MPCs numerically on the consumption policy functions by the finite

difference method.
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